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We consider small-field models which invoke the usual framework for the effective field theory, 
and large-field models which go beyond that. Present and future possibilities for discriminating 
between the models are assessed, on the assumption that the primordial curvature perturbation is 
generated during inflation. With PLANCK data, the theoretical and observational uncertainties on 
the spectral index will be comparable, providing useful discrimination between small-field models. 
Further discrimination between models may come later through the tensor fraction, the running of 
the spectral index and non-gaussianity. The prediction for the trispectrum in a generic multi-field 
inflation model is given for the first time. 
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I. INTRODUCTION 



If the primordial curvature perturbation is generated 
during inflation, observation constrains the height and 
shape of the inflationary potential. We consider various 
possibihties for the form for the potential, seeing to what 
extent present and future observation can distinguish be- 
tween them. We cover most of the forms that have been 
proposed, though our citations are far from exhaustive. 

In Section^ we recall estimates for the number of e- 
folds occurring after the observable Universe leaves the 
horizon, which has to be specified before a model can be 
constrained. In Section IlIII we recall the formulas giving 
the spectral tilt and the tensor fraction generated during 
single-component inflation. We give the present obser- 
vational constraints on these quantities as well as future 
projections, and we plot the region of the r-n plane cor- 
responding to small- field models. In Section |^ we recall 
the usual framework for effective field theory, and in IVI 
we consider small-field models based on that framework. 
In Section IVII we consider Natural Inflation along with 
its limiting case V (x (jy^. We also consider the multi-field 
extension of that case, recalling and extending for that 
purpose the multi-field formulas for the tilt, the tensor 
fraction and the non-gaussianity. In Section rVIIII we see 
how the models might fare after PLANCK data is avail- 
able and we conclude in Section Hxl 



II. THE NUMBER OF e-FOLDS 



Observation provides a direct constraint on inflation 
only after the observable Universe leaves the horizon. We 
may call inflation during this era 'observable inflation' to 
distinguish it from the possibly very large amount of in- 
flation occurring earlier. In order to make predictions, 
we need the number N{k) of e-folds of slow-roll infla- 
tion, remaining after a scale k leaves the horizon, where 
k is the coordinate wavenumber corresponding to phys- 



ical wavenumber k/a} The biggest scale of interest is 
roughly k — aoHo (where H = a/a is the Hubble pa- 
rameter and the subscript denotes the present) and we 
denote N{aoHo) by simply TV. While cosmological scales 
leave the horizon we assume almost-exponential inflation 



givmg 



N{k) ^ N -Inik/aoHa). 



(2.1) 



To determine N one needs to know something about 
the history of the Universe between the end of slow-roll 
inflation and the onset of nucleosynthesis. To be precise, 
assuming Einstein gravity, one needs the pressure P as 
a function of the energy density p. There is also a weak 
dependence on the value of the Hubble parameter during 
inflation, equivalent with Einstein gravity to the height 
of the inflationary potential. 

Assume first radiation domination (P — p/3) from the 
end of inflation to the onset of nucleosynthesis. Then 
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(2.2) 



Here V is the inflationary potential, which for the present 
purpose can be taken to be constant. 

Scales of cosmological interest correspond to 



< In 



Go Ho 



< 14, 



(2.3) 



where the upper limit is the scale enclosing matter with 
mass IO^Mq. They have to leave the horizon during in- 
flation which gives the lower bound N > 14. Observation 
requires V^^^ < 10^^ GeV and the onset of nucleosynthe- 
sis at temperature T ~ 1 MeV requires V^^^ > 1 MeV, 
which places the last term of Eq. H2.2|l in the range to 
-40. 

Now we consider other possibilities for P{p). The 
biggest reasonable pressure 3] is P = p, corresponding 
to domination by the kinetic term of a scalar field (kina- 
tion). If kination dominates from the end of inflation to 



^ Standard results about early-universe cosmology and observation 
are described for instance in 
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the onset of nucleosynthesis, the above estimate of A'' is 
increased by i ln(V"^/'*/l MeV) < 14. If instead there is 
matter domination (P — 0) during that era, the estimate 
is decreased by the same amount. 

Finally, we consider the possibility that significant in- 
flation occurs after slow-roll ends. The most plausible 
way of arranging this is to invoke one or more bouts of 
Thermal Inflation 4] , taking place at a relatively low en- 
ergy scale. Each bout would reduce the estimate TV by 
10 or so. 

From this discussion, we learn that in principle, N 
might in principle be anywhere in the range 



14 < iV < 75 . 



(2.4) 



On the other hand, most early Universe scenarios give 
< P < p/3, and most of the models of inflation that we 
shall discuss give V near the top of its allowed range. In 
that case, taking V at the very top, we have 47 < iV < 62 
corresponding to 



iV = 54±7, 



and a fractional uncertainty 



A7V 



= 0.13. 



(2.5) 



(2.6) 



Taking instead V^l^ ~ 10^" GeV (which corresponds to 
H ~ TeV and is the lowest value usually considered) we 
have TV = 34 ± 7 and a fractional error AN/N = 0.20. 

This discussion leads to a very important conclusion. 
For any reasonable inflation scale, and post-inflation 
pressure in the standard range < P < p/3, the frac- 
tional error in N is of order 10 to 20%. As we shall see, 
the corresponding uncertainties in the predictions are of 
the same order in a wide range of models. 



III. PREDICTION AND OBSERVATION 

A. Slow-roll inflation 

We assume Einstein gravity, and take the fields to be 
canonically normalized. Until Section IVlII take the slow- 
rolling inflaton to have a single component. During in- 
flation, the potential V{4>) depends only on the inflaton 
field (j). It is supposed that the field equation 



4> + 3H(j) + V' = 
is well-approximated by 



(3.1) 



(3.2) 



and that the energy density 3MpH^ = V + ^(p^ is slowly 
varying on the Hubble timescale. (We are defining Mp = 
(87rG)-i/2 = 2.4 X lO^^ GeV.) These conditions imply 



and the flatness conditions 
e< 1 

where 

1 



\v\ < 1 



. = imUv'/v)^ 

T] = M^V"/V 



(3.4) 

(3.5) 
(3.6) 



Conversely, slow-roll inflation can usually take place on 
any portion of the potential satisfying the flatness condi- 
tions. In the slow-roll approximation e is slowly varying; 



(3.7) 



For future reference we note that e is positive if In V 
is concave-downward and negative if In V is concave- 
upward. 

To obtain the predictions, one needs the field value 
(j){k) when a given scale leaves the horizon. From 
Eqs. (|3.3|) and (|3.2|) it is related to the number of e-folds 
by dN{k)/d(f> = Mp^V/V and we focus on the biggest 
scale k = aoHo. When this scale leaves the horizon, the 
field value 0* is given by 



iV = M„ 



0cnd 



d(l) = Mp 



(3.8) 



3A/|ij2 



V. 



(3.3) 



where 0cnd is the value at the end of slow-roll inflation 
and a star denotes horizon exit for the biggest scale. If 
In V is concave-downward, e increases with time. Then 
the value of TV will typically be insensitive to (t>cnd, 
making the model more predictive. The only excep- 
tion to this rule that arises in practice is the potential 
V = Vo — ^m'^(j)^ with Vq dominating. 

In Figure ^ we plot in the log r-n plane the line rj = 
2e, to the left of which log V is concave-downward, and 
the line 77 = 0, to the left of which V itself is concave- 
downward. For r < 10~^ these lines practically coincide. 
In Figure 121 we plot the same lines in the r-n plane. 

In the vacuum, V = 0. Wc shall consider both non- 
hybrid models, where the inflationary value of V is gen- 
erated almost entirely by the displacement of the inflaton 
field from its vacuum, and hybrid models where it is gen- 
erated almost entirely by the displacement of some other 
(waterfall) field. In non-hybrid models, e increases with 
time and inflation ends when one of the flatness condi- 
tions fails, after which </) goes to its vacuum expectation 
value (vev). In some hybrid models, e decreases with time 
(log V concave- upward), and inflation ends only when the 
waterfall field is destabilized. In other hybrid inflation 
models, e increases with time (log V concave-downward), 
and slow-roll inflation may end before the waterfall field 
is destabilized through the failure of one of the flatness 
conditions. If that happens, a few more e-folds of infla- 
tion can take place while the inflaton oscillates about its 
vev (locked inflation j^), until the amplitude of the os- 
cillation becomes low enough to destabilize the waterfall 
field. 
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B. The curvature perturbation 

The vacuum fluctuation of the inflaton generates 
a practically gaussian perturbation, with spectrum 
V^{k) = (7Jj,/27r)^ where the subscript k indicates hori- 
zon exit k = aH . This perturbation generates at horizon 
exit a practically gaussian time-independent contribution 
to the curvature perturbation with spectrum Q 



1 



V 



247r2M4 e 



(3.9) 



Subsequently, the perturbations of additional light fields 
may generate an additional contribution to the curva- 
ture perturbation, which come to dominate so that the 
inflaton contribution is irrelevant. In that case the only 
constraint on the form of the slow-roll inflaton potential 
is that Eq. H3.9|l is below the observed value. Here we 
suppose that instead Eq. 1)3. 9|l gives the dominant value. 

Assuming that rj is slowly varying, the spectral tilt 
n — 1 = d\nV(;/dlnk is given by [3 



n — 1 — 27] — 6e . 



(3.10) 



(We will refer to the tilt n — 1 instead of to the spectral 
index n since more direct physical significance.) 

In Eqs. H3.9|l and H3.10|l the potential and its deriva- 
tives are to be evaluated at horizon exit for the scale k 
under consideration. We shall evaluate them at the single 
scale k = aoHo, corresponding to given by Eq. H3.8|l . 
For the forms of the potential that we consider, this is 
good enough at least with present data. (As we see later 
future observation might detect the scale dependence of 
n (running). We are not considering the running mass 
model, which gives strong running of n that is already 
constrained by present observations [3iE|-) 

The spectrum is measured with good accuracy as = 
(4.9x 10~^)2, which with the prediction Eq. 1)3.9(1 requires 



0.027Mp = 6.6 X 10^^ GeV 



(3.11) 



At present, measurements of the tilt are consistent with 
zero. Taking the tensor fraction r to be negligible, which 
is the prediction of a wide class of models, a fit using 
WMAP CMB data and the SDSS galaxy survey [ij gives 



n = 0.980 ± 0.020. 



(3.12) 



A fit using instead WMAP CMB data and the 2dFGRS 
galaxy survey gives [T^ 



n = 0.956 ± 0.020. 



(3.13) 



A fit using WMAP and BOOMERANG CMB data and 
the SDSS and 2dFGRS galaxy surveys gives 13] 



n = 0.950 ± 0.020. 



(3.14) 



These bounds are all at 68% confidence level, and all 
three of them are compatible at this level. For the pur- 
pose of illustrating our method we use the results of the 
first group, for n and also for the tensor fraction that we 
come to next. 



The tensor fraction 



The prediction for the tensor fraction is^ 



(3.15) 



^3.3 X 1016 GeV, 
which with the cmb normalization H3.11|l is equivalent to 



r — 16e . 



(3.16) 



Another expression for r involves the field variation. 
Scales on which the tensor can be observed leave the hori- 
zon during about 4 e-folds, starting with the exit of the 
scale k = uqIIq. During such a brief era e will be prac- 
tically constant. From Eqs. (|3.15|) and H3.8|) . it follows 
that the variation A(j)4 during the four e-folds is related 
to r by JJJ 



/ A04 

^ V V2Mp 



(3.17) 



If e is continuously increasing with time (log V concave- 
downward), Eqs. H3.17)l . (|3.15|l . and ((3.8|l give the strong 
bound |15l] . 



r < 



where A(j)N is the total field variation. As we remarked 
earlier, the condition that e be continuously increasing 
usually ensures also that N is practically independent 
of (pond- We shall refer to models with Ac/j^t < Mp as 
small-field models, and the rest as large-field models. 

In Figure ^ the two curved lines divide the log r-n 
plane into three regions, according to whether V and 
log V are concave-upward or concave-downward while 
cosmological scales leave the horizon. To the right of the 
rightmost line In V is concave-upward while to the left of 
the leftmost line V is concave-downward. If the concave- 
upward -downward behaviour persists till the end of slow- 
roll inflation, the right-hand region is inhabited exclu- 
sively by hybrid inflation models, since otherwise infla- 
tion would never end. 



^ We are adopting the currently-favoured definition using the spec- 
tra. An earher definition using the CMB quadrupole corre- 



sponded to r = 12. 4e. 
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Still assuming that the concave-upward or -downward 
characterisation persists after cosmological scales leave 
the horizon, Figure Q] shows (taking N = 50) the small- 
field region defined by A^jv < Mp as well as a reduced 
small-field region defined by A^jv < O.lMp. (In the 
right-hand area where Eq. (|3.17|l applies, we have as- 
sumed that A(j)4 ~ A0Ar, otherwise the small- field re- 
gion shrinks.) As we shall see, for inflation models in- 
voking the usual framework of effective field theory, the 
small-field condition At/f^v < Mp usually has to be sat- 
isfied by some orders of magnitude. The only excep- 
tion is if the inflaton is a modulus field, but even there 
A(j)jf/Mp is usually well below 1. In Figure ^ we show 
how the 'small-field' region shrinks if it is defined instead 
by A(/)Ar < O.lMp.3 

In Figure[21we repeat the plot of Figure^using a linear 
scale for r. This is the plot usually seen in the literature, 
but it loses important information because a region of 
very small r is invisible. Following ^16.] the three regions 
are usually labeled, from left to right, 'small- field', 'large- 
field' and 'hybrid', but the first labeling is inappropriate 
since the bound H3.I8|I makes the small-field part of the 
left-hand region invisible in the linear plot. Also, hybrid 
models are not confined to the third region.'* 

Now we come to observational constraints involving r. 
If r floats in a fit to data, n should also float since no 
known inflation model gives negligible tilt with a signifi- 
cant tensor fraction. At present observation gives some- 
thing like r < 0.5, 95% confidence level. From Eq. (|3.15|) 
this requires 

V^i/^ < 3 X lO^^GeV. (3.19) 

One can also plot the allowed region in the r-n plane. 
This is shown in Figure 13 for the data analysis that we 
are using. 

Absent a detection, the bound on r will come down 
dramatically in the future. Data from PLANCK 
will give r < 0.05. Clover will give something like 
r < 10~^ and the eventual limit may be something 
like r < 10^^. Values of r as low is this have not previ- 
ously been contemplated in connection with constraints 
on models of inflation. In the following wc will be show- 
ing some model predictions in the log r-n plane. 

The condition r > 10"'* for the tilt to be eventually 
observable is equivalent to T/*/* > 3 x 10~*^. As far as 
the formula (|2.2|l is concerned, this is practically at the 
top of the allowed range. We conclude that for models 
giving an observable tensor fraction, the estimate 1^2. 5]) of 



^ The small- large-field terminology was originally introduced in 
Il6l using the older definition of the Planck scale mp = SirMp. 
Defining the small-field regime by Aippf < mp it would expand 
up to r = 0.08, but as we have just noted efli'ective field theory 
models in practice satisfy A(/)jv < A^p rather well. 

* Some time after the first version of the present paper was re- 
leased, |l7l appeared. It gives both the r-n plot and the log r-n 
plot, but the bounds 13.171 and 13.181 are not noted. 




n 



FIG. 1: The large-field region corresponding to A(I>n > Mp 
is shaded in dark grey. The region corresponding instead to 
A<j!>jv > O.lMp is lightly shaded. To be eventually observable 
r should be above the black horizontal line. 




FIG. 2: Figure is plotted on a linear scale. 

N will hold if < P < p/3 between the end of inflation 
and nucleosynthesis. 

Finally, we note that for small-field models, the tilt if 
it is big enough to observe will be accurately given by 

n-l = 2r]. (3.20) 

This means that for small-field models, the tilt measures 
the second derivative of the potential. A concave-upward 
potential corresponds to positive tilt and a concave- 
downward potential to negative tilt. 

IV. EFFECTIVE FIELD THEORY 

In the usual applications of field theory the relevant 
scalar fields are close to the fixed point of the relevant 
symmetries. By 'close' we mean that the distance to the 
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FIG. 3: The curved lines are the Natural Inflation predictions 
for A*' = 20 and A'^ — 75, and the horizontal lines are the corre- 
sponding multi-component Chaotic Inflation predictions. The 
junction of each pair of lines corresponds to single-component 
Chaotic Inflation. The regions allowed by observation with 
various assumptions are taken from [gj. 



origin in field space is much less than the ultra-violet cut- 
off Auv of the effective field theory under consideration. 
Starting with some fields and a symmetry group, the ac- 
tion is usually supposed to contain all possible terms not 
forbidden by the symmetry, including non-renormalizable 
terms. The coefficients of non-renormalizable terms have 
by definition negative energy dimension. These coeffi- 
cients parameterize physics beyond the cutoff Ayvj a-nd 
as discussed for instance in |22l | they are usually supposed 
to be of order 1 in units of the cutoff. 

The cutoff presumably cannot be bigger than Mp. If 
it is smaller, the effective field theory might be obtained 
by integrating out some heavy fields in an effective the- 
ory with a bigger cutoff. Then a definite contribution to 
the coefficients of the non-renormalizable terms can be 
calculated, which hopefully will be dominant. If instead 
Auv ~ Mp , there is presently no good way of estimating 
these coefficients. 

The non-renormalizable terms are negligible in most 
of the usual applications of field theory, but in some 
situations one or more low-order non-renormalizable 
terms may be significant. If the presence of some non- 
renormalizable term is unwelcome, a symmetry might be 
invoked to forbid or suppress it. Alternatively an argu- 
ment from string theory or some setup with large extra 
dimensions might be invoked. 

This is the usual setup for effective field theory, nor- 
mally employed when considering what future colliders 
and detectors might find as well as in many discussions 
of the early Universe. Of course one is free instead to 
write down a lagrangian which does the job in hand with- 
out providing any justification for terms which have been 
omitted (apart from the requirement that they are not 
effectively generated by quantum effects). That is the 
view usually taken in for instance discussions of alterna- 



tive gravity theories involving one or more scalar fields. 

Both points of view have been taken in connection with 
inflation model-building; the usual setup for effective field 
theory, and the view that the required lagrangian need 
not be justified. When considering small-field inflation 
models one usually takes the former, as reviewed for in- 
stance in 0, ITsl Its virtue, here as in other con- 
texts, is that the possibilities for model-building are rel- 
atively constrained so that one can exhibit some fairly 
well-defined examples. 

Whichever view one takes, the energy density should 
be below the cutoff; 

T/i/4<Auv. (4.1) 

In most of the models that we encounter, V^^'^ is not 
many orders of magnitude below its maximum value 3 x 
10^^ GeV which requires that Ayv is not too far below 
that value. In the context of Einstein gravity Auv cannot 
exceed Alp. Following the usual practice we focus on 
the maximum value Auv ~ Mp which turns out to be 
advantageous for infiation model-building. 

In the effective field theory approach, the tree-level po- 
tential is expanded as a power series in the fields keeping 
only a few low-order terms. If the symmetries relevant 
for the inflaton are not spontaneously broken, the fixed 
point lies on the trajectory and V' vanishes there. In 
any case, assuming that V' vanishes at some point and 
choosing that as the origin, the power series expansion 
for the tree-level potential is 

1 1 °° 

with a symmetry often forbidding all odd terms. The 
coefficients can have either sign but A and are usually 
taken to be positive and we are adopting the convention 
that is positive. If the non-renormalizable couplings 
Arf are of order 1, we need 

(I) « Auv , (4.3) 

for this series to be under control. Then, barring a cancel- 
lation between terms, Vq has to dominate and the flatness 
conditions limit the magnitude of each term. 

For the non-renormalizable terms, \r]\ <C 1 with 
Eqs. (|XT5|l and |TT7|l requires 0] 

,,,,<< .„-,(A^)"(ii~)''"'.,«, 

For a given V this constraint is loosest with our adopted 
value Auv ~ Mp.^ It is then compatible with \Xd\ ~ 1 
for all values of d for a low inflation scale I/^/'* < 



^ This constraint is stronger than Eq. I3.19i if Ayv/A^p > (3 X 
IQie GeV/Mp)(2'i-4)/(d-4). 
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3 X 10"'^'' GeV. More generally it is incompatible with 
I Ad I ~ 1 only for the first few values, provided that V^^'^ 
is significantly below its maximum possible value. To 
forbid the first few values one can invoke a discrete sym- 
metry. 

For the quadratic and quartic terms, \ri\ <^ 1 requires 
(using in the second case also Eqs. Ij^. 15|l and (|3.17|) ') 

m^A4 < V (4.5) 
|A| < 10-14. (4.6) 

The second constraint is satisfied in a supersymmet- 
ric theory if is taken to be what is called a flat di- 
rection. (Flat directions can also be present in non- 
supersymmetric conformal field theory 24].) Regarding 
the first constraint, if the mass in a globally supersym- 
metric theory is set to zero, supergravity generates psl ] 
a value^ 

giving a contribution \r]\ ^ 1. That this marginally vio- 
lates the fiatness condition has been called the t] problem. 
It may be solved either by modest fine-tuning or by go- 
ing to a non-generic supergravity theory. More generally, 
it is possible ,27j, ^28] to control the mass by making the 
inflaton a pseudo-Nambu-Goldstone boson. 

The condition on the mass becomes problematic if one 
supposes that the inflaton is a fermion condensate in a 
generic non-supersymmetric field theory. In such a the- 
ory one expects m roughly of order Ayv, whereas the 
condition on the mass together with V < A^y gives 

J^^M^]^-^^ Ux 1016 GeV j ■ ^^-^^ 

This discussion, based on Eq. (|4.2|l with the expecta- 
tion I Ad I ^ 1, is appropriate for typical fields. According 
to string theory there are likely to be special fields (mod- 
uli) whose potential is of the form 

y(<^) = VofWMp) , (4.9) 

with / and its low derivatives roughly of order 1 at a 
typical point in the range < (f) < Mp . Expanded about 
a given point, this gives non-renormalizable terms with 
coefficients of order ±Vo/Mp. Taking the point to be a 
maximum or a minimum so that the expansion has the 
form (|4.2|l 

m2 - Va/Ml. . (4.10) 

In the simplest setup, m ^ TeV corresponding to Vq^'^ ^ 
lOi" GeV but that is not supposed to be mandatory. 



There is usually supposed to be more than one mod- 
ulus. If the effective field theory is supersymmetric, the 
moduli come in pairs (usually taken as components of a 
complex field) of which one, the 'axion' is a PNGB whose 
potential is periodic with (from Eq. H4.9|l ') a period of or- 
der Mp. 



V. SMALL-FIELD MODELS 

In this section we deal with models of infiation based 
on the effective field theory approach of the last section. 
To keep the non-renormalizable terms under control we 
limit the infiaton field to the range < < Mp, making 
the models automatically small-field models. 



A. New and modular inflation 

We first suppose that infiation takes place near the 
origin which is a maximum of the potential, as shown in 
Figure ^ Inflation taking place near a maximum is an 
attractive possibility because eternal inflation can take 
place very close to the maximum, providin g a natural 
initial condition for the subsequent slow roll |l5l l29l Isof . 

This type of model is usually taken to be non-hybrid, so 
that the vev {(j)) is the minimum corresponding toV = 0, 
and infiation ends with the failure of slow-roll at (f>cnd ~ 
{(j>) < Mp . The reason is that one usually thinks of the 
maximum as the fixed point of symmetries, which means 
that one would be dealing with inverted hybrid inflation 
[3ll |. as opposed to ordinary hybrid inflation where the 
fleld is moving towards a fixed point. Inverted hybrid 
infiation is more difficult to arrange than ordinary hybrid 
infiation, especially in the context of supersymmetry. On 
the other hand, it can be that the origin is not a fixed 
point, in which case this type of model can be an ordinary 
hybrid inflation model. To keep things simple we take 
this kind of infiation to be non-hybrid though the key 
results still hold if it is hybrid. 

We shall take 0ond < Mp to keep within the effective 
field theory framework of the last section. Since Acj)^ < 
0cnd we then deal with a small- field model, and usually 

AcjjN ^ ^ond- 

If (f>end is far below Alp we shall call this setup New In- 
flation after the first viable infiation model jsj . If 0cnd 
is not very far below Mp we will call it modular inflation, 
since it is most plausible realised by invoking the poten- 
tial (14.911. Modular infiation was discussed for instance in 
(3311341 Fsslls^ .'' If there is more than one modulus, mod- 
ular inflation should take place near a point in the space 
of the moduli where the potential is an extremum with 



If there are large extra dimensions this assumes that the infia- 
ton and the source of supersymmetry breaking live on different 
branes. Otherwise l26l is bigger by a factor (Auv/A/p)^. 



A different way of using moduli to inflate is described in l37l 
but the prediction for the spectral tilt depends on details of the 
model which were not specified. 



FIG. 4: New inflation, modular inflation, etc. 



FIG. 5: F- and D-term inflation, mutated hybrid, D-branes etc. 




FIG. 6: Tree-level hybrid etc. 



FIG. 7: Dynamical supersymmetry breaking, D-branes etc. 




FIG. 8: Natural/chaotic inflation 



respect to all of them, which may be difhcult to arrange. 
Also, the trajectory may lie in the space of two or more 
moduli, corresponding in general to a multi-component 
inflation model with non-canonical normalization. Here 
we focus on the case where the trajectory is mainly in 
the direction of one modulus (taken to be canonically 
normalized) as for instance in [33. (1 
the opposite case see |3^.1 



(For an example of 



conditions (|3.4I) are marginally satisfied.® The extent to 
which string theory allows modular inflation without fine- 
tuning is the subject of intense investigation at present, 
as for example in jssj . 

Considering both New and Modular inflation, let us 
suppose that one term dominates (|4.2|) at least while cos- 



The potential H4.9|) typically gives roughly e ^ \r]\ ~ 1, 
but the idea is that one gets lucky so that the flatness 



In particular, 



is supposed to be significantly smaller than 



Vo/M^ (see Eq. ICTl '). If instead one supposes that m? is ac- 
tually quite a bit bigger than Vo/Afp, the modulus beco mes a 
candidate for the waterfall field in hybrid inflation [33 ■ The 
term modular inflation is not taken to cover that case. 
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mological scales are leaving the horizon; 



1^ = 1^0 



(5.1) 



We consider first the case that the dominant term is the 
leading one; 



1 



1 1| l'^' 



(5.2) 
(5.3) 



where 770 < is the value of 77 at the maximum. The 
spectral tilt is n — 1 = 2770 so that observation requires 
l%l <0.03. 

To achieve a vev ((/>) < Mp, the potential H5.3|) must 
steepen sharply after cosmological scales leave the hori- 
zon. This would be expected for modular inflation 
(though there is no strong reason to expect the quadratic 
term to dominate in that case) and it can be arranged 
for New Inflation as in |2^ ^3 (see also fo^' ^ 
brid model). As a crude approximation, suppose that 
the quadratic term dominates until inflation ends at 
0cnd ^ ^^p- Then one finds 



(k* = 0ond exp(- A^(l - n)/2) , 



and & 



<Pcnd 
Mp 



(1 



(5.4) 



(5.5) 



The maximum of this function is below the bound (j3.18|l 
(by a factor e^^), consistent with \ogV being concave- 
downward. The prediction r[n) is plotted in Figure [T^ for 
4>cnd — and N — 50. Since 0ond is actually expected 
to be significantly smaller we conclude that r is unlikely 
to be observable. 

This model, with the quadratic term dominating, is 
reasonable only if n < 1 — 1/A^ < 0.98. Otherwise, from 
Eq. 1)5.4(1 . the quadratic term would have to dominate 
higher-order terms, up until practically the point where 
those terms become so important that they steepen the 
potential causing an immediate end to inflation. Such an 
abrupt transition is clearly unreasonable in the context 
of non-hybrid inflation. 

All of this assumes that the quadratic term dominates 
when cosmological scales leave the horizon. The situation 
is quite different if we assume instead that a higher-order 
term has become dominant by that time. This case has 



often been considered as for instance in [42| , and for mod- 
ular inflation in Adopting it, we arrive at Eq. I|5.1|) 
with p > 3. Inflation ends at (j)end ^ and to have a 
small- field model we will take /i < Mp. Then 



iV = 



1 



2) \Mp 



pip -2) \MpJ 



p-2 



p-2 



1 - 



0cnd 



p-2 



(5.6) 



The final equality holds because we are requiring 4>*/4>oad 
appreciably less than 1, for the reason discussed earlier 
in connection with the quadratic potential. This gives, 
independently of /i, 

(5^7) 



n=l 



P 



2N 



The absolute constraint N < 75 implies n < 0.987. This 
prediction is plotted against N in Figure for p = 3, 
4 and the limiting case p — s- 00. We see that p = 3 is 
disfavoured by observation, and that for all p observation 
provides a significant lower bound on N. Adopting the 
reasonable range H2.5|l the prediction becomes 



1 - (0.037 ±0.005) 



p-1 



(5.8) 



This prediction is in the range n < 0.967. 

We have been assuming that a single power in Eq. 1(5. l|l 
dominates, which may be unreasonable for modular in- 
flation. But even if a single power does not dominate, 
Eq. ((5.1(1 could well be a useful approximation for the 
relevant values of 0, with some non-integral p. Certainly, 
the specific models of 35j give the small negative tilt and 
the high inflation scale which is the characteristic of that 
approximation. Treating p > 3 as a continuous variable, 
the allowed region in the p-N plane is shown in Figure 
ITUl Taking TV = 54 ± 7, we plot n{p) in Figure [TT] 

The cnib normalization ((3.11() corresponds to a tensor 
fraction 



Mr, 



p2(p(p-2))-2(H)iV-2(f^) . (5.9) 



Taking N = 50, this prediction is plotted in Figure IT^ 
for ^ = Mp. We see that r is too small ever to observe. 

In all of this we focused on the case p > 3. Allowing 
instead p — 2 to be quite small, the flrst line of Eq. 15.6(1 
should generally be used. Then, taking (j)cnd — Mp, the 
prediction for r{n) will interpolate between the p — 2 
and p > 3 curves in Figure 1121 As with the quadratic 
potential, the model makes sense (as a non-hybrid one) 
only a n < 0.98 since otherwise 4>cnd/4>* would be very 
close to 1. 



Even if we allow </<end 3* one cannot expect the potential 

15.31 to control the end of inflation. This is because slow-roll 
inflation with that potential would continue up to practically 
fli = {(j)). The additional terms generating (fA) will surely come 
in earlier, giving a shape more like the one in Figure O that we 
shall be discussing as a large-field model. 



B. F- and D-term inflation 

In a supergravity theory the potential has two parts, 
called the F term and the D term. They are con- 
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FIG. 9: The prediction (^3 for diflterent p. The bold full 
line is the limit |p| — > oo. Above it from top down are the 
lines p = 0, —2 and —4, and below it from bottom up are the 
lines p = 3, 4 and 5. The observational bounds from TH are 
indicated. 
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FIG. 10: The regions excluded by the observational bounds 
from ITHl . for the parameter p in the prediction 15.711 . 



structed from three functions, called the superpoten- 
tial, the Kahler potential and the gauge-kinetic function. 
There is also a possible constant contribution to the D- 
term called a Fayet-Iliopoulos term.^" With the simplest 
(minimal) Kahler potential and gauge-kinetic function, 
simple forms for the superpotential can be written down 
which at tree-level are perfectly flat, and can give either 
F-term ji^l or J-ter m ,44 j inflation. The loop correc- 
tion then dominates |45l , leading to a hybrid infla- 
tion model. To ensure that the one-loop correction is a 
good approximation the renormalization scale Q should 
be chosen to be of order 0. 

In a non-supersymmetric theory the loop correction 
would generate a term \f\)^ ln((/)/Q]: it was invoked in 
the original New Inflation model [33| and it practically 
corresponds to 1)5. l|l with p = 4. In a globally su- 
persymmetric theory with soft supersymmetry break- 
ing, the loop correction corresponds to a running mass 
term m^0^1n(0/Q). Taken as an approximation to su- 
jergravity, this gives a running-mass model of inflation 
471, w hose observational signature is discussed elsewhere 

The case at hand corresponds (as an approximation to 
supergravity) to a globally supersymmetric theory with 
spontaneous supersymmetry breaking, with the loop cor- 
rection coming from the waterfall field in a hybrid infla- 
tion model. Assuming 3> (/>cnd, the potential is 
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87r2 



In- 



(5.10) 



where 5 < 1 is the coupling of 4> to the waterfall field. 
With Q ~ 0, Vb dominates and V /V = ^VStt^- The 
shape of this potential is illustrated in Figure HI The 
integral Eq. (|3.8|l is again be dominated by the endpoint 
so that the tilt is given by Eq. (|5.7I) with p — Q as 
n — 1 = —1/N. The observational bound is shown in 
Figure ini For this case, the normafization H3.11|l gives a 
tensor fraction 



27r2 N 



r = = 0.0011 ( ^ I 



(5.11) 
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n 



FIG. 11: The prediction I^TJ for iV = 54 ± 7. 



For g ~ 1 this prediction is shown in Figure [T^ We see 
that r will never be observable if g is much below 1. 

Although these predictions are clean, they may not be 
realistic. Even within the setup we have described, there 
is a regime of parameter space where is close to 0cnd 
so that the coefficient of the log in Eq. (|5.10(l is reduced 
[isf. Much more seriously, the potential H5.10|l gives 



N 
4^ 



gMp. 



(5.12) 



We invoke at most one gauge-kinetic function and one Fayet- 
Iliopoulos term, those quantities appearing only in the D-term 
inflation model. 
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FIG. 12: The two upper lines are the ones shown in Figures and |51 which separate the three regimes. The shaded regions give 
the prediction for natural inflation and multi-component chaotic inflation with A*' = 54 ± 7. Single-component chaotic inflation 
corresponds to the intersection of these two regions. The other predictions are calculated with A'' = 50, and they represent 
upper bounds obtained by setting jj,, </>« or (j}cnd equal to Alp, as described in the text. These are the four labeled curves, the 
cross which corresponds to the _D/F-term potential 1)5. 10^ and the star which corresponds to the exponential potential l|5.14^ . 
To be eventually observable, r should be above the horizontal line. 



Unless the coupling is very small, this is only marginally 
a small-field model. A very small coupling is reasonable 
for the F-term case, but not for the D-term case. 

If the coupling is not very small, the minimal forms for 
the Kahler and gauge-kinetic functions cannot be jus- 
tified at all 0j while the simple form for the su- 
perpotential requires an almost exact global symmetry 
which is usually considered implausible. For these rea- 
sons, the tree-level potential is unlikely to be precisely 
flat in that case. Including it could significantly alter the 
shape of the potential ,42j, possibly generating a maxi- 
mum |l5i l5(l||. In that case, after re-defining the origin 
as the maximum, Eq. (|5.1|l may be an adequate approx- 
imate for some effective p ^ 3. In any case, one expects 
that these F- and D-tevm inflation models will give n < 1 
corresponding to a concave-downward potential. 

Before leaving F- and Z?-term inflation, we remark on 
their theoretical status. In both cases, the scale of in- 
flation is related to the vev A of the waterfall field by 



Vq — g^A^, and the cmb normalization determines the 
latter independently of g; 



A 



1/2 



X 6 X IQis GeV 



(5.13) 



(This is equivalent to the fact that Eq. (|5.11() contains a 
factor g^.) In the case of F-term inflation, the waterfall 
field can be identified with a GUT Higgs field. Then A 
should be essentially the unification scale deduced from 
observation, which is 2 to 3 x 10^^ GeV. Considering 
the theoretical uncertainties the agreement is satisfac- 
tory, making F-term inflation one of the few inflation 
models which relate the observed value of to parame- 
ters of particle physics. In the case of D-term inflation, A 
is the normalization of the Fayet-Iliopoulos term. It is re- 
lated to the string energy scale, but the relation depends 
on the version of string theory that is relevant [S^, |53 • 
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C. More concave-downward potentials 



D. Concave- upward potentials 



Next we consider the potential H5.1|) . but with p < 
to give the shape of Figure [S] Within the context of the 
setup described in Section [l VI this potential can be gen- 
erated by mutated hybrid inflation 31, ,53., .SJl ■ 
tated hybrid inflation the potential is supposed to have 
negligible variation in the cf) direction with all other fields 
fixed at the origin, but there is supposed to be a coupling 
with some heavy field. At each cj) this field is fixed at the 
instantaneous minimum of its potential (integrated out), 
so that the potential V{4>) during inflation in fact has sig- 
niflcant variation. The potential typically is of the form 
(|5.1|) with p < 0, with integral values of \p\ favoured but 
not mandatory. ^-'^ With integral p < 0, a potential of the 
form 1)5. 1|) has also been suggested in iV = 2 supergravity 
[551] and in D-brane cosmology (5 61] . 

The predictions are given by the same formulas (|5.7|) 
and (|5.9() as for p > 2, taking again (p and (p^nd to be 
sufficiently well-separated. The allowed region in the p- 
N plane is shown in Figure [TUI The prediction n{N) is 
shown in Figure |^ for p — —1, —2 and —3. The ob- 
servations do not constrain p, but they do constrain N 
significantly. For N = 54 ±7 the prediction n{p) is shown 
in Figure im The prediction r(n) with /i = Afp is shown 
in Figure [T^ 

Another concave-downward potential is 



Next we consider the original hybrid inflation potential 



(5.14) 



This potential has the shape in Figured and it ma y b e 
generated by a kinetic term passing through zero p4| . 
giving q — V2. The same form can arise in non-Einstein 
gravity inflation jlj] with q — ^2/3. This case is actually 
on the border of the small-field regime, corresponding to 
A0JV ~ Mp, but the kinetic term and the non-Einstein 
mechanisms both fall outside the framework we set out 
at in Section Hvl The prediction for the spectral tilt is 
given by Eq. H5.7|l with p — ooa.sn— 1 = —2/N. The 
prediction for r is 



iV2 



(5.15) 



which should be observable as shown in Figure^l A sim- 
ilar form has been derived for the potential of a modulus 
[57I I , which gives the same prediction for n but negligible 
r < 10-^. 



Mutated hybrid inflation can also give 15.11 with p > 1 though 
less typically. The assumption that the potential has negligible 
variation in the direction is not mandatory. Such variation 
could generate a maximum for the potential, giving a situation 
similar to the one that we described after Eq. 15.121 . 



V = Vo + -m^ 



(5.16) 
(5.17) 



It is supposed that ?;o ^ 1; so that inflation ends only 
when the waterfall field responsible for Vq is destabilized. 
The constant term Vq dominates for (j)/Mp <C t/q^. In 
that regime, 0* = 0ondexp[i(n — l)N]. This gives 



n - 1 = 2?7o > . 



(5.18) 



which might be indistinguishable from 1. The tensor frac- 
tion is 



in -If 



(5.19) 



Working within the framework of Section IIVI we need 
< Afp. As shown in Figure [T^ the tensor fraction 
might be observable within this regime. 

The original hybrid inflation model makes good con- 
tact with field theory beyond the Standard Model. In 
contrast with the other potentials we consider, the in- 
flation scale Vq can be quite low, which would reduce 
N. (Happily, the predictions for the spectral tilt is 
independent of iV.) In the context of supersymmetry 

Vq^'^ '-^ 10^" GeV is a natural choice [l^, with ryo not too 
small so that m ~ TeV. The parameter space model is 
limited however, by the requirement that the loop cor- 
rection from the waterfall field be negligible j5^. Su- 
persymmetric hybrid inflation of any kind is impossible 



1/4 



TeV which is desirable for instance 1& 




with 

in the presence of extra dimensions. (See however |62 
for a non-supersymmetric hybrid inflation model with 

1/1/4 ^ rp^y^ ^^^^^ 

can generate baryon number as well.) 
Next we consider the potential 



V = Vn 



1 



(5.20) 



with the constant term dominating and p > 2 or p < 0. 
For these values of p the potential has the shape shown re- 
spectivel y in Fig uresElandlHl An integer p > 3 would cor- 
respond 63, 64'| to a higher-order term dominating, and 
non-integral values p > 2 can be motivated as an approx- 
imation (cf. the discussion in connection with Eq. H5.1|l ') 
or possibly from mutated hybrid inflation. Negative in- 
tegral values of p could correspond to dynamical super- 
symmetry breaking |65l |. or to D-brane cosmology 56]. 

In all of these cases, inflation can occur only in a lim- 
ited region 4> < where ipmux corresponds to 7/ ^ 1, 
and it is not clear how the field is supposed to arrive 
in that region. The integral Eq. (|3.8|l is dominated by 
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the endpoint (^ond if it is sufRciently well separated from 
(/)^ . Then the spectral tilt and tensor fraction are given by 
Eqs. H5.7|l and H5.9(l . with the replacement N — s- Nmax—N 
where A^max is the maximum number of e-folds. Barring 
fine-tuning one expects A^^ax 3> N, which probably will 
make the spectral tilt and the tensor fraction too small 
to observe. 

There remains the case of potentials ()5.1|l and (|5.2U|) 
in the range < p < 2, which looks unlikely in the 
context of field theory. For the record, if (f>cnd and 
are sufficiently well separated, H5.7II and l|5.9|) apply for 
the potential H5.20|l . while for the potential H5.1|l these 
equations apply with N A^max ~ N. 



VI. SINGLE-COMPONENT 
NATURAL/CHAOTIC INFLATION 

A. The single-component case 

Now we consider large-field models, corresponding to 
A(j)N > Mp. These lie outside the effective field theory 
framework described in Section Hvl 

Most discussions of the large-field case adopt a 'chaotic 
inflation' potential 



V(x<j>P.^ 



(6.1) 



with p an even integer. (The term 'chaotic' is used 
because the potential was first introduced as the 
simplest one which would support what Linde called a 
chaotic initial condition.) With such a potential, 0* ~ 
^/2NpMp , and (pend ~ Mp. With this form of the poten- 
tial V /V oc 1/0 making \ogV concave-downward. The 
integral (|3.8|l is practically independent of ipcnd leading 
to the predictions 



P 



2N 



4p 

77 



(6.2) 
(6.3) 



Observation rules out p > 4, but marginally allows p ~ 2. 
In Figure 121 we show the prediction for p = 2, with 20 < 
N < 75. Using the reasonable range H2.5|l it becomes 



n = -0.037 ±0.005 
r = 0.15 ±0.02 



(6.4) 
(6.5) 



We show this prediction in Figure IT?1 

Before continuing we address the following point. In 
a non-supersymmetric theory, where V is part of the la- 
grangian, one is free to specify the potential 1)6. l|l even 
though it goes beyond the effective field theory frame- 
work of Section Hvl But in the context of supergravity, 
where V (taking it to come from the F term) has to be 
constructed from the Kahler potential and the superpo- 
tential one might wonder whether a given form is possible 
at all. That this is so has been demonstrated for V oc 



by writing down explicit forms for the Kahler potential 
and superpotential |67I . I68LI69I |. and similar constructions 
would surely work for any power. Thus, the status of 
the potential V oc cj)^ in supergravity is the same as in a 
non-supersymmetric field theory. 

The potential V (x (j)^ may be better motivated if it is 
considered as an approximation to a sinusoidal potential 
near a minimum. Such a potential was dubbed Natural 
Infiation by the people who first considered it [t^.^^ To 
achieve inflation the period of the potential has to be 
much bigger than Mp, but proposals have been made 
HE 1^ Il3 which motivate such a large period.^* The 
first two of these go beyond the framework of Section Hvl 
by invoking non-trivial extra dimensions, while the last 
stays within it by making the field correspond to a path 
in field space which winds many times around the fixed 
point. 

The sinusoidal potential can be written 



V = Vosm\^\r,o\/24>/Mp), 

and is plotted in Figure IHl Provided that 
the potential supports inflation until 77 ^ e ^ 
Eq. Pl^ . 



(6.6) 



l»7o| < 1, 
' 1. From 



, ,lva <t>* 

sm 1 / 

2 Mp 



1 



l±'7o 



leading to 



1 



77 



2N e2^l''«l - 1 
e- hoi • 



(6.7) 



(6.8) 
(6.9) 



From these expressions one can read off n — 1 and r. 
At fixed A^ the prediction depends on the parameter |77o|. 
The results for A^ = 20 and N = 75 are shown in Figure 



The supergravity proposals of l68l 1691 declare that there is a 
shift symmetry <f> — ► (/i-l- const, which is broken by a specific 
superpotential chosen to give V = ^rn^tfp (up to a small cor- 
rection). This is conceptually the same as declaring, in a non- 
supersymmetric theory, that there is a shift symmetry broken 
only by y = ^rn^tlP itself; in both cases a similar declaration 
could be made to justify any desired potential (which in the case 
of supergravity can be constructed from a Kahler potential and 
a superpotential). The supergravity proposals of [68, 69] have 
an additional complication though, that the chosen form of the 
superpotential corresponds to an exact global U{1) symmetry 
acting on a field different from </>■ That symmetry presumably 
is broken and it is not clear how the breaking might affect the 
model. 

The potential is periodic because ip is supposed to be a PNGB. 
The Natural Inflation potential is flat enough for inflation, only 
because the period is taken to be much bi gger th an Mp. The 
small-field PNGB models mentioned earlier )27l l2Sll use different 
potentials. 

In |7.?l it is stated that these proposals generate literally a po- 
tential V oc (p'^, corresponding (with fixed N) to a point in the 
r-n plane. In fact the sinusoidal potential corresponds to a line 
as we are about to see. 
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13 and the result for the reasonable range 1)2. 5|l is shown in 
Figure^! We see in the latter figure that as n goes more 
negative we move from the regime V"{(t>^) > into the 
regime < 0. Note though that the requirement 

|77o| ^ 1 always makes this a large-field model (A(/)jv > 
0); we see again that the labeling of the left-hand region 
in Figures n and 121 as 'small- field' is inappropriate. 



VII. MULTI-COMPONENT CHAOTIC 
INFLATION 

So far in this paper we dealt only with single- 
component slow-roll inflation, where the inflationary tra- 
jectory is essentially unique; it is either the only possible 
one in the space of the scalar fields, or else is one of 
a family of straight-line trajectories which are equivalent 
during inflation. An important example of the latter case 
is a potential V{(p), with 

i=l 

We take the to be canonically normalized, making 
the radial field (p also canonically normalized along each 
direction. Each direction corresponds to a possible in- 
flationary trajectory, but an SO{K) symmetry leaves (jy^ 
invariant and transforms the trajectories into each other. 

For a multi-component slow-roll model, there is a fam- 
ily of possible curved trajectories in the space of two or 
more fields, which we refer to as components of the in- 
flaton. The potential is supposed to satisfy flatness con- 
ditions analogous to Eq. (|3.4|l 

e»<l (7.2) 

where 

„,^„l(2m)" 

The field equation for each field 4>i is supposed to be well- 
approximated by iH(l)i — —dV/d(j)i, so that the possible 
infiationary trajectories are the lines of steepest descent 
of the potential. The set of all fields satisfying these 
conditions may be called the set of light fields. 

While in principle every field satisfying these condi- 
tions could be regarded as components of the inflaton, in 
practice one will include only those fields corresponding 
to directions in which the slope dV/ d(j)i is big enough to 
lead to significant curvature. Light fields corresponding 
to a smaller slope will have no significant effect during 
inflation, though they may come into play afterward and 
be the main source of the curvature perturbation. 

To evaluate the curvature perturbation generated by 
the vacuum fluctuations of the multi-component inflaton. 



we can use the SN formalism [zllli, [tI [ll|7i| which 
handles all light fields on an equal footing whether or not 
they are significant during inflation. Keeping quadratic 
terms l77{. the time-dependent curvature perturbation 
smoothed on a given comoving scale a/k is 

i ij 

Here, N{k, p) is the number of e-folds, evaluated in 
an unperturbed universe, from an epoch soon after the 
smoothing scale leaves the horizon when the fields 4>i have 
specified values, to an epoch when the energy density p 
has a specified value. In the second line, Ni = dN/d(j)i 
and Nij = d'^N/d(j)i(f)j, both evaluated on the unper- 
turbed trajectory. In known cases the first two terms of 
this expansion in the field perturbations are enough. 

These expressions involve the unperturbed inflationary 
trajectory. It is not determined by the potential during 
observable inflation, if more than one fleld is light then. 
It may be that well before the observable Universe leaves 
the horizon there is only one relevant light fleld, leading 
to an essentially unique trajectory at the classical level. 
In any case we suppose that somehow the unperturbed 
trajectory during observable inflation is known. 

To evaluate a given Fourier component of C,{'x.,t) we 
can adopt a smoothing scale just a bit shorter than the 
inverse wavenumber. Thus we may in practice identify 
k in the above expressions with the wavenumber of the 
Fourier component. 

The field perturbations 5(j)i are generated from the vac- 
uum fluctuation. They are practically gaussian and un- 
correlated, and each of them has the spectrum (i?fe/27r)^, 
where the subscript k denotes the epoch of horizon exit 
k = aH . At some stage before nucleosynthesis, C settles 
down to a time-independent value, which is constrained 
by observation. We write down the predictions for C, 
which follow from Eq. (|7.5() at any epoch even though we 
are interested in the regime where C has settled down to 
its flnal value. 

Since the observed C, is almost gaussian, one or more 
linear terms must dominate Eq. H7.5|l at least eventually, 
giving the spectrum 

7'c(fc)-E^'W(^''/2'^)'- (7.6) 



^ For the present purpose, which is to evaluate the curvature per- 
turbation at the end of multi-component inflation, one could in- 
stead use perturbation theory which reduces the problem to the 
solution of line ar e quations. The equations are well-known at 
first order (see l7fll for a review) and progress has recently been 
made towards their extension to second order l80l . Another for- 
malism for multi-component inflation is presented in 81|. For 
multi-component chaotic inflation within the slow-roll approxi- 
mation the SN formalism is preferable, because it gives simple 
expressions which are valid at both flrst and second order in 
perturbation theory. 
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Using the multi-component slow-roll formalism the spec- 
tral tilt is found to be [lll75l| 



n - 



-2e 



rn. ^ m. 



(7.7) 



IS 



where identical indices are summed over and e = ^ 
given by Eq. I|3.5|l with V' the gradient of V . 

The field basis at horizon exit can be chosen so that 
one field (p points along the inflationary trajectory. Its 
contribution to Eq. I|7.6|) is time-independent, and if it 
dominates the final value one recovers the predictions 
(ESJ, (|XTU|) . and ((nUSJ. The other contribut ions are ini- 
tially negligible (almost-exponential inflation being as- 
sumed at horizon exit) but may grow to become signifi- 
cant or dominant. The tensor perturbation on the other 
hand depends only on and is time-independent, which 
means |1,, 2, 75] that the tensor fraction cannot exceed 
the prediction l|3.16|l : 



r < 16e. 



(7- 



If the contribution of <j) dominates, the non-gaussianity 
of C is too small to ever be measurable [S^, 113 • Other- 
wise it may be observable. The likely observables are the 
bispectrum and trispectrum, which alone are generated 
by the quadratic expansion (|7.1|) . They are specified re- 
spectively by quantities /nl and tnl- Taking the 
field perturbations to be perfectly gaussian, which has 
been justified for the bispectrum |83l l84j . and ignoring 
the scale-dependence of the spectra, the predictions are 

Ft" 
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3. 



N,Ni,Ni , TriV3 

2 {N„,N„,f {NnNnf 



(7.9) 



N,N,jNjkNk 



IGBVc t(,7.10) 



where A and B are of order 1 on cosmological scales. 
Present observation ^ gives roughly |/nl| 5^, 100, and 
absent a detection the eventual bound will be |/nl| ^ 
1. There is at present no bound on tnl from modern 
date, and no estimate of the bound that will eventually 
be possible. (A crude bound from COBE data J^] is 
ItnlI < 10«.) 

The shape of the potential of a multi-component in- 
flation model is constrained by these predictions, if ( 
is assumed to have reached its final value by the end 
of inflation. Stewart and collaborators have exhibited 
some small- field multi-component models 27, 38], along 
with their prediction for the spectral tilt which depends 



The general formula for tkl follows from the special cases in l85l 
but has not been written down be fore . The scale-dependence of 
the spectra is included for /nl in l86l . 



strongly on the parameters of the potential. We are go- 
ing to consider instead multi-component chaotic infla- 
tion, corresponding to 



V = 



(7.11) 



k=l 



This potential gives uninterrupted slow-roll inflation if 
the masses are not too unequal js^ , and we assume that 
this is the case. 

If the field values are of the same order, inflation ends 
when (pi ~ M-p/^fK <^ Mp, which can be much less 
than Mp if there are many fields. Recalling the discus- 
sion of Section IIVI one might hope that the potential 
in that case is generically under good control, with non- 
renormalizable terms negligible. This general idea was 
termed Assisted Inflation by those who first considered 
it |23]. As the authors of [sJ] point out, whether this is 
so should be considered case by case. One can see this 
by considering the case of equal masses, mf — m? , which 
gives 



V = -m^ 
2 



(7.12) 



with (f^ given by Eq. (|7.1|) and inflation taking place at 
(f) ^ Mp. If this potential were exact, there would be 
a SO{K) symmetry which would forbid the appearance 
of non-renormalizable terms XdCpf /M^~^; instead there 
would be terms Xd(t>'^/Mp~^ which presumably would 
spoil inflation at (/i 3> Mp even though the individual 
(pi can all be small. 

As a specific way of keeping the multi-chaotic potential 
under control, the authors of (oj suppose that the po- 
tential 17.11|l is actually an approximation to the sum of 
sinusoidal potentials, evaluated near the minimum of the 
potential. They called this A^-flation. Such a potential 
might arise in string theory, as the sum of the potentials 
of axions which are components of complex moduli, and 
it is argued that they are under good theoretical control. 

Using the SN results, the prediction for Eq. (|7.11|) is 
very simple ijy]. One finds 



N{k,p,,p) 



(7.13) 



independently of the final epoch if it is well after horizon 
exit.^^ (Remember that k denotes the epoch of horizon 



In view of this independence, one does not expect that a signifi- 
cant contribution to the curvature perturbation will be generated 
at the end of inflation, provided that the end corresponds to a 
failure of slow roll. The possible generation of a contribution to 
the cur vature perturbation at the end of inflation is discussed in 

MM 
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exit aH = k.) The predictions are 



r — 



n — 1 



\2Tr 

8/N 

1 



(7.14) 
(7.15) 
(7.16) 

(7.17) 



The predictions for and r are the same as in the single- 
component case. The minimum value of e at fixed N and 
is 1/2N and corresponds to equal masses. This repro- 
duces the single-component result n — 1 = ~2/N. Mak- 
ing the masses unequal increases e and one cannot calcu- 
late an upper bound on e without knowing the regime of 
parameter space within which continuous slow-roll takes 
place. Hence, making the masses unequal decreases n—l 
by an unknown amount while leaving r the same. As seen 
in Figures 13 and ^1 this decreases the already-marginal 
viability of the model when compared with the data that 
we are using. 

Using Eq. (|7.13l) one finds that the non-gaussianity pa- 
rameters /nl and tnl given by Eqs. (|7.9|l and (|7.1Q(I are 
both much less than 1. This means that /nl (and pre- 
sumably also Tnl) will never be measurable. 

The non-gaussianity parameters have so far been evalu- 
ated for just two other multi-component inflation models, 
those of _25j ■ Assuming that ( attains the observed 
value by the end of inflation the non-gaussianity is again 
found to be negligible in the case of [3^ , but it could 
be significant in the case of 95] if the non-gaussian part 
of the C is generated only after inflation is over f7% - 



VIII. OUTLOOK 

With present data the bounds that we have presented 
are not very restrictive. One sees from Eqs. (|3.12|) " (|3.14|) 
that it would be quite reasonable to shift the allowed 
interval for n down by 0.02 or so, which would weaken the 
constraints on models presented in Figure|3 A downward 
shift in n would also improve the viability of the large- 
field models presented in Eq. ((2Jl. 

The situation will change dramatically when the accu- 
racy of the data is improved. Consider first the possibility 
of discriminating among small-field models, through their 
prediction for the spectral tilt. Data from PLANCK 
should give ^ An = ±0.007, reducing to An = .003 



After the first version of this paper was released, t he prediction 
for two-comp onen t chaotic inflation was calculated |94| using the 
formalism of l81l . With with (pi = (f>2 and ra^lmx = 9, these 
authors report that n = 0.93 and /nl = 1-8. In contrast we find 
for these parameters n = 0.95 and (as just stated) |/nl| ^ 1- 
The origin of this discrepancy is not clear. 



with the proposed CMBpol f97'|. Adding galaxy survey 
data should give further reduction. Looking at Figure 
El one can distinguish four possibilities, according to the 
eventual value of n. 

a. A value of n < 0.98 This case is very interest- 
ing because it is the expected prediction for some of 
the most reasonable-looking potentials. These are the 
quadratic potential (|5.3|l . the potential H5.1|l with p > 2 
(corresponding to new and modular infiation) the same 
potential with p < (corresponding to mutated hybrid 
inflation, some D-brane proposals and an = 2 super- 
gravity proposal), the Z3/F-term potential (|5.10|) and the 
exponential potential H5.14|l . Regarding the last two as 
special cases corresponding to p — s- and p oo we are 
dealing with the potential 



V^Vo 



1 



(8.1) 



with /i < Mp and Vq dominating. 

For p — 2, the spectral tilt has the scale-invariant value 
n = — 2Vb/Mp/i^ provided that this potential is valid on 
cosmological scales. For all of the other relevant values 
of P (p ^ 3 and p < 0) we suppose that the potential 
is valid also for long enough that it gives Eq. H5.6|l for 
N. Then the spectral tilt depends only on p, being given 
by Eq. (|5.7|) . Adopting the reasonable range Eq. (|2.5|l . 
and taking V^^/^ ~ 10^^ GeV which for this type of po- 
tential is more or less required by the normalization of 
the spectrum, this prediction becomes 



n - 1 = -(0.037 ±0.005) 



p-l_ 
p-2 



(8.2) 



For the allowed range of p the fraction is bigger than 
1/2, and observation requires it to be < 2. We con- 
clude that the theoretical uncertainty in this case is 
roughly An — 0.005, similar to the accuracy promised 
by PLANCK data. 

Since the prediction for n — 1 is proportional to 1/N, 
the predicted running n' = dn/ dink is 



n' = {n-l)lN = - 



1 2 



P 



2N^ 



(8.3) 



which will be in the range —.0004 to —.0016 or so. The 
expected accuracy ^ is An' - 0.003 from PLANCK 
and An' = .0017 from CMBpol, and galaxy survey data 
will reduce these uncertainties. It is therefore possible 
that the predicted running can be verifled. 

b. A value 0.98 < n < 1.00. This wiU indicate a 
concave-downward potential. If we are dealing with a 
non-hybrid model the potential cannot have the simple 
parameterization H5.1() (p > 2 or p < 0) . 

c. A value of n indistinguishable from 1 This would 
be compatible both with concave-downward hybrid in- 
flation potentials, and with the original hybrid infiation 
potential V = Vo -\- \m^(f)^ . It would also be compati- 
ble with some more complicated models [s^ 0| , and the 
poorly-motivated concave-upward potentials of the form 
(ESDI)- 
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d. A value n > 1 This would favour the original 
hybrid inflation model V = Vq + im^0^ or its running- 
mass version The concave- upward potential (|5.20|l 
could also give n significantly above 1, but not for the 
most reasonable case A'tot >> N. A measurement of 
the running might provide discrimination between these 
possibilities. 

Now consider the tensor fraction r. PLANCK will 
give r < 0.05. Clover will give something like r < 
10~^ and the eventual limit may be something like 
r < 10"'*. We see from FiaurclT^that the tensor fraction 
generated by small-field models is very small. It will not 
be detectable by PLANCK or Clover, and it will never 
be detectable if the small-field condition is well-satisfied 
as would be desirable in the context of the effective field 
theory framework described in Section llVI 

If r is indeed observed by PLANCK or Clover, that 
would definitely require a large-field model. At present 
the only large-field models that are under serious consid- 
eration and are compatible with observation are Natu- 
ral Inflation (corresponding to a sinusoidal potential), its 
limit single-component Chaotic Inflation (corresponding 
to V (X (f)'^) and multi-component Chaotic Inflation. 

Natural Inflation corresponds to a line in the r-n plane, 
with an endpoint corresponding to single-component 
Chaotic Inflation. The same statement applies to multi- 
component Chaotic Inflation. Single-component Chaotic 
Inflation corresponds to the point n = 1 — 2/N and 
r = 8/N, with j^o^ f^j. below lO^^ GeV. Using the 
reasonable range Eq. (|2.5|) the predictions become 

n = -0.963 ± 0.005 r = 0.14 ±0.02. (8.4) 

Both n—1 and r are proportional to l/N, their fractional 
uncertainties are given by Eq. (|2.6|l as roughly 10%. Also, 
their scale dependence is cx 1/ Ink which might eventu- 
ally be detectable. To agree with observation the param- 
eters of Natural Inflation and multi-component Chaotic 
Inflation should be chosen so that the prediction is not 
vastly different from this one. 



Finally, it is worth saying again that any detection 
of the non-gaussianity parameter /nl would rule out 
all single-component slow- roll inflation models, as well 
as multi-component Chaotic Inflation, on the hypothesis 
that the inflaton perturbation generates the curvature 
perturbation. 



IX. CONCLUSION 

In this paper we have surveyed most forms of the in- 
flationary potential, which have some motivation in the 
context of current ideas about field theory beyond the 
Standard Model of particle physics. Assuming that the 
inflaton generates the curvature perturbation, we have 
seen how observation can constrain the parameters for a 
given form of the potential, or rule it out. 

The approach we are taking may be contrasted with 
the two other lines of inquiry. One of them jo^l asks to 
what extent one may reconstruct the inflationary poten- 
tial given an essentially unlimited amount of information 
about the spectrum V({k), and preferably also about the 
tensor fraction r{k). The other [93 generates, using 'flow 
equations' a large family of potentials which can satisfy 
the data, without reference to current ideas about field 
theory. 
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